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Abstract: In this note we have tried to determine how the existence of a local
entropy current with non-negative divergence constrains the second order transport
coefficients of an uncharged fluid, following the procedure described in [1]. Just
on symmetry ground the stress tensor of an uncharged fluid can have 15 transport
coefficients at second order in derivative expansion. The condition of entropy-increase
gives five relations among these 15 coefficients. So finally the relativistic stress tensor
of an uncharged fluid can have 10 independent transport coefficients at second order.
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1 Introduction
Fluid dynamics is an effective description of near equilibrium physics. It captures
the dynamics of locally equilibriated systems in which the parameters of equilibrium
vary slowly compared to relaxation length scale. When, for instance, microscopic
dynamics is well described by kinetic theory, the Boltzman equation reduces to the
equations of fluid dynamics on length scales that are large compared to the molecular
mean free path.
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The variables of fluid mechanics are the local values of the parameters that
characterize fluid equilibrium; in the simplest context these are the fluid temperature,
chemical potentials and velocity. The equations of fluid dynamics are simply the
conservation of stress-tensor and all other charged currents, once the stress tensor
and currents are expressed in terms of equilibriation parameters. The formulas that
express the stress tensor and charge currents as functions of fluid variables are known
as constitutive relations. As fluid dynamics is a long wavelength effective description,
it is meaningful only to present constitutive relations in an expansion in derivatives
of the fluid variables.
For any given fluid, a microscopic computation of constitutive relations starting
from a microscopic description of the system is often an impossibly difficult task.
In the usual spirit of effective field theory, this task is, moreover, extraneous to the
study of fluid dynamics. An autonomous ‘theory’ of fluid dynamics addresses the
following question: what is the most general form of the constitutive relations that
could possibly arise in the fluid description of any consistent system (to any given
order in the derivative expansion).
The requirement of symmetry restricts the form of the constitutive relations. For
example, the stress tensor is a tensor. At any given order in the derivative expansion,
there exists only a finite number of (onshell inequivalent) tensor structures one can
build out of fluid variables and their derivatives. The most general expression for the
stress tensor is clearly given by a linear combination of these inequivalent tensors,
where the coefficients in this expansion are arbitrary functions of the scalar fluid
variables (temperatures and chemical potentials in the simplest situations). While
the requirements of symmetry are certainly necessary, they are not sufficient. There
is atleast one additional constraint on allowed constitutive relations: that they are
consistent with a local form of the second law of thermodynamics [3]. In other
words any given constitutive relation must be accompanied by an entropy current,
also constructed out of fluid variables. The entropy current must have the property
that its divergence is positive for every conceivable fluid flow allowed by the fluid
equations with the specified constitutive relations 1.
It is a quite remarkable fact that the requirement of the existence of a posi-
tive divergence entropy current constrains the allowed constitutive relations of fluid
dynamics in a quite dramatic manner; as we will see in some detail below, this re-
quirement reduces the number of free parameters (or more precisely free functions)
allowed in constitutive relations.
In this note we will work the restrictions imposed by this requirment on the
constitutive relations of an uncharged relativistic fluid in 3+1 spacetime dimensions
at second order in the derivative expansion. In this system the variables of fluid
1However, the existence of a local entropy current with positive divergence is really a heuristic,
with as yet no solid basis in thermodynamics or QFT
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dynamics are simply the temperature T and the fluid four velocity uµ. As we will see
in some detail below, symmetry considerations allow a 15 parameter worth of consti-
tutive relations for the stress tensor, where every parameter is an arbitrary function
of the temperature. It was already noted by Romatschke [1] that the requirement
of entropy increase imposes atleast two relations between these 15 functions. In this
note we generalize Romatschke’s analysis and demonstrate that a complete study of
the requirements of positivity of the entropy current imposes 5 relations on the 15
coefficients described above. The set of all 2nd order constitutive relations consis-
tent with the positivity of entropy increase is parameterized by ten functions of the
temperature. But unlike the first order case we did not find any inequalities among
the second order transport coefficients.
We now give a detailed presentation of our final results, i.e. a precise character-
ization of the 10 parameter set of allowed constitutive relations at second order in
the derivative expansion for uncharged relativistic fluids. Let the fluid stress tensory
be given by
Tµν = T
perf
µν +Π
µν
We work in the so called Landau frame which imposes the transversality condition
uµΠµν = 0
In this frame the most general allowed form for Πµν upto second order in the deriva-
tive expansion is given by2
Πµν = − ησµν − ζPµνΘ
T
[
τ (u.∇)σ〈µν〉 + κ1R〈µν〉 + κ2F〈µν〉 + λ0 Θσµν
+ λ1 σ〈µ
aσaν〉 + λ2 σ〈µ
aωaν〉 + λ3 ω〈µ
aωaν〉 + λ4 a〈µaν〉
]
+ TPµν
[
ζ1(u.∇)Θ + ζ2R + ζ3R00 + ξ1Θ
2 + ξ2σ
2 + ξ3ω
2 + ξ4a
2
]
(1.1)
2Our convention for Riemann tensor is the following
R
ρ
αβν = ∂βΓ
ρ
αν − ∂νΓ
ρ
αβ + Γ
λ
ανΓ
ρ
λβ − Γ
λ
αβΓ
ρ
λν
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where
uµ = The normalised four velocity of the fluid
P µν = gµν + uµuν = Projector perpendicular to uµ
Θ = ∇.u = Expansion, aµ = (u.∇)uµ = Acceleration
σµν = P µαP νβ
(
∇αuβ +∇βuα
2
−
Θ
3
gαβ
)
= Shear tensor
ωµν = P µαP νβ
(
∇αuβ −∇βuα
2
)
= Vorticity
F µν = Rµaνbuaub, R
µν = Raµbνgab (R
abcd = Reimann tensor)
σ2 = σµνσ
µν , ω2 = ωµνω
νµ
(1.2)
and
A〈µν〉 ≡ P
α
µ P
β
ν
(
Aαβ + Aβα
2
−
[
AabP
ab
3
]
gαβ
)
For any tensor Aµν
It turns out that ‘entropy-positivity’ does not impose any constraint on τ, λ0, λ1, λ2, ζ1, ξ1
and ξ2. The rest of the eight second order transport coefficients satisfy the following
5 relations.
κ2 = κ1 + T
dκ1
dT
ζ2 =
1
2
[
s
dκ1
ds
−
κ1
3
]
ζ3 =
(
s
dκ1
ds
+
κ1
3
)
+
(
s
dκ2
ds
−
2κ2
3
)
+
s
T
(
dT
ds
)
λ4
ξ3 =
3
4
( s
T
)(dT
ds
)(
T
dκ2
dT
+ 2κ2
)
−
3κ2
4
+
( s
T
)(dT
ds
)
λ4
+
1
4
[
s
dλ3
ds
+
λ3
3
− 2
( s
T
)(dT
ds
)
λ3
]
ξ4 = −
λ4
6
−
s
T
(
dT
ds
)(
λ4 +
T
2
dλ4
dT
)
− T
(
dκ2
dT
)(
3s
2T
dT
ds
−
1
2
)
−
Ts
2
(
dT
ds
)(
d2κ2
dT 2
)
(1.3)
So finally there are 10 independent transport coefficients at second order for some
uncharged fluid.
As we have explained above, unless the equations (1.3) are satisfied, the fluid
dynamics equations do not have a positive divergence entropy current. When the
equations (1.3) are satisfied the fluid equations are compatible with the existence
of a positive divergence entropy current, but this current is not unique. Consider a
fluid with a particular constitutive relation that obeys the equations (1.3). It turns
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out that any such fluid has a 7 parameter (7 arbitrary functions of temperature) set
of positive divergence entropy currents.
Jµ|upto 2nd order
= suµ +∇ν [A1(u
µ∇νT − uν∇µT )] +∇ν (A2Tω
µν)
+ A3
(
Rµν −
1
2
gµνR
)
uν +
(
A3
T
+
dA3
dT
)[
Θ∇µT − P ab(∇bu
µ)(∇aT )
]
+ (B1ω
2 +B2Θ
2 +B3σ
2)uµ +B4
[
(∇s)2uµ + 2sΘ∇µs
]
(1.4)
Our results above apply to an arbitrary theory, i.e. a theory with an arbitrary
equation of state. The specialization of our results to the special case of conformal
fluids turns out to be trivial, as we now explain. As was explained in ([4, 5]), the
requirement of Weyl invariance forces 10 linear combinations of the 15 symmetry
allowed coefficients to vanish; specifically
κ1 = 2κ2 ≡ κ, τ = 3λ0, λ4 = 0
ζ1 = ζ2 = ξ1 = ξ2 = ξ3 = 0
(1.5)
Moreover, the the temperature dependence of the remaining five coefficients (those
that are allowed to take arbitrary values consistent with Weyl invariance) is deter-
mined by dimensional analysis; All of them are just linearly proportional to temper-
ature.
It turns out that this linear dependence on temperarture, the conformal equation
of state and (1.5) reduce all of the equations (1.3) to trivial identities of the form
0 = 0. In other words, the requirement of positivity invariance of the entropy current
does not impose any equations on the five transport coefficients (allowed by conformal
symmetry).
The coefficients for a conformally covariant entropy current are given by the
following expressions.
A1(T ) = a1, A2(T ) = a2, A3(T ) =
a1
2
T
B1(T ) = b1T, B2(T ) =
2a1
9
T, B3(T ) = b3T
B4(T ) = −
(a1
18
)
T−5
(1.6)
where all ai and bi are constants.
Therefore the conformally covariant entropy current has four independent coefficients
(a1, a2, b1 and b3) when expanded upto second order in derivatives.
Let us end this introduction with a description of our motivations in undertaking
the computations described in this note. Our first motivation is practical. Theoret-
ical reconstructions of the RHIC and LHC heavy ion experiments often model the
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expansion of the hot dense deconfined plasma by the equations of fluid dynamics
including second order corrections. Given that we have not been able, from first
principles, to compute the fluid description of QCD it seems of interest to parame-
terize the most general set of allowed equations, as we have done (to 2nd order) in
this note.
However our main motivation in undertaking the computations described in this
note are structural. At zero temperature, the equations of motion of physical systems
are strongly constrained by the requirement that they follow from the extremization
of an action. On the other hand the tradiational formulation of the equations of
fluid dynamics is at the level of the equations of motion. It seems likely that the
equations of fluid dynamics inherit constraints that are the analogue of the zero
temperature requirement of being obtained from an action. One possible source of
such constraints, as described in this note, stems from the requirment that our system
admit an entropy current of positive divergence. There are other potential sources of
constraints, for instance the requirement that correlation functions computed from
fluid dynamcs have certain symmetry properties that can be derived, on general
grounds, in quantum field theories (see [6]). It appears to us to be of interest to find
a complete ‘theory’ of fluid dynamics; a formalism that ennumerates all consistency
conditions on the equations of fluid dynamics. Such a formalism would take the
place of the zero temperature requirement that the equations of motion follow from
an action. The computations presented in this note may be thought of as a small
first step towards this larger goal.
2 Brief Summary of our Procedure
In the rest of this note we proceed to determine the most general second order con-
stitutive relations and second order entropy current consistent with positivity of the
divergence of the current. In order to do this we first list out the most general sym-
metry allowed entropy current upto third order in the derivative expansion (onshell
equivalent currents are not treated as distinct). We then perform a brute force com-
putation of the divergence of this entropy current, keeping all relevant terms (see
below for an explaination of which terms are relevant) to fourth order in the deriva-
tive expansion. We then use the equations of motion (including constitutive terms
upto second order in derivatives) to rewrite our final answer entirely as a function
of derivatives of velocity and temperature and the background metric that are inde-
pendent of each other (i.e. are not related to each other by the equations of motion).
We then work out the conditions on the entropy current and constitutive relations
that ensure the positivity of this divergence for arbitrary values of the independent
fluid derivatives, finally obtaining (1.3) and (1.4)
In order to implement the programme outlined in the paragraph above, in this
note we proceed in the following order. In section 3 below we classify and ennumerate
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the onshell independent derivatives of fluid fields (upto fourth order in derivatives).
We also enumerate t all the products of these derivative fields with net derivative
number ≤ 4, organizing our ennumeration in representations of the local SO(3) that
leaves the fluid velocity fixed.
In section 4 below we then proceed to ennumerate the most general entropy
current upto third order in the derivative expansion. We then compute the divergence
of this entropy current and determine several constraints on the entropy current that
follow from the requirement that its divergence is positive definite.
In section 5 below we then ennumerate the constraints on constitutive relations,
upto second order, that follow from the requirement of positivity of divergence of the
entropy current.
We end this brief section by listing our conventions. Throughout this note we
work in the Landau gauge. In this gauge the velocity uµ at any point is defined as
the unique time-like eigenvector of the stress tensor, normalised so that uµu
µ = −1.
In other words, by definition
T νµuν = −ǫuµ (2.1)
The quantity ǫ is taken by definition to be energy density of our fluid. All other fluid
thermodynamical quantities (like the temperature or pressure) are obtained from ǫ
using thermodynamics and equation of state. Equation of state expresses the energy
density ǫ as a function of some thermodynamic parameter like entropy density and
it can vary from system to system . In this note we shall keep it arbitrary. Once
ǫ(s) is known, the temperature (T ) and the pressure (P ) can be determined in the
following way.
T (s) =
dǫ(s)
ds
, P (s) = s
dǫ(s)
ds
− ǫ(s)
Both of the above relations directly follow from equilibrium thermodynamics.
3 Classification of fluid data
3 In this section we present a partial listing of the onshell independent derivatives
of fluid fields (T and uµ), at any given point x, upto fourth order in the derivative
expansion. We organize these derivatives (which we will often refer to below as inde-
pendent data) according their transformation properties under the SO(3) rotational
group that leaves uµ(x) invariant.
In order to explain what we mean let us consider a listing of independent data
at first order in the derivative expansion. Before accounting for onshell equivalences
we have 16 independent pieces of first derivative data; (the four derivatives of tem-
perature and the four derivatives of each of the three independent velocities). These
16 pieces of data transform, under the local SO(3), as two scalars, two vectors, a
3This section has been worked out in collaboration with Shiraz Minwalla and Tarun Sharma.
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pseudo vector and a traceless symmetric tensor (i.e. the 5) of SO(3) (see the second
column of Table 1 for details). However these 16 pieces of data are not all inde-
pendent. The four perfect fluid equations of motion may be used to solve for four
of these fluid derivatives in terms of the other 12. As the four fluid equations can
be decomposed into a vector and a scalar of SO(3) (see the third column of Table
1) it follows that the independent data consists of one vector, one scalar, a pseudo
vector and a traceless symmetric tensor (see the fourth column of Table 1). The
choice of the independent scalar and vector piece of data is arbitrary; we could take
our independent data to be either of the vectors and either of the scalars listed in
the second column of Table 1. In the fourth column of Table 1 we have made one
particular choice of the independent data that we will employ in much of our note.
Occasionally we will find it more convenient to use another choice of independent
data; we will explicitly point this out when this is the case.
In this note we will require that the production of entropy is positive for an
arbitrary fluid flow on an arbitrary curved manifold. As explained in [7] this require-
ment yields constraints for the constitutive relations of fluids even in the flat space.
In order to implement the constraint described above, we will find it necessary to
list the data assocaited with local background metric curvatures in addition to the
data associated with fluid flows. All curvature invariants formed from a background
metric are given in terms of (contractions of) the Riemann tensor and its deriva-
tives. It is important to recall that, in addition to certain symmetry properties, the
Reimann tensor also obeys a Bianchi type identity. The independent derivatives of
the Reimann tensor should be counted modulo the Bianchi identity and its deriva-
tives. In analogy with the counting problem for fluid data listed above, we will regard
the set of all derivatives of the Reimann tensor (with all symmetries imposed) as raw
data, and the Bianchi identities and its derivatives as ‘equations of motion’. We will
then list the indpendent pieces of data in curvature and derivatives by subtracting
equations of motion from raw data, just as described in the previous paragraph.
3.1 Independent Data
With no further ado we simply proceed to list the (relevant parts of) fluid and
curvature data at various orders in the derivative expansion.
At first order in derivatives we have only fluid data. They are listed below in
Table 1.
Here for any tensor Aµν , the symbol A〈µν〉 means the symmetric traceless part
of it, projected in the direction perpendicular to uµ.
A〈µν〉 ≡ P
a
µP
b
ν
[(
Aab + Aba
2
)
− gab
(
P αβAαβ
3
)]
For example, if we expand this notation, the shear tensor σµν has the following
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Table 1. Data at 1st order in derivative
Before imposing eom Eoms Independent data
Scalars (1) (u.∇)T , (∇.u) uν∇µT
µν = 0 Θ ≡ (∇.u)
Vectors (1) (u.∇)uµ, P µν∇νT P
µ
a∇νT
νa = 0 aµ ≡ (u.∇)uµ
Pseudo-vectors (1) uνǫ
νµλσ∇λuσ l
µ ≡ uνǫ
νµλσ∇λuσ
Tensors (1) ∇〈µuν〉 σµν ≡ ∇〈µuν〉
definition
σµν ≡ P
a
µP
b
ν
[
∇aub +∇bua
2
− gab
Θ
3
]
At second order we have curvature data along with fluid data. The curvature
data is given by the 20 independent components of the Reimannn curvature subject
to the identities
Rµναβ = −Rνµαβ = −Rµνβα
Rµναβ = Rαβµν
Rµ[ναβ] = 0
The 20 independent components may be decomposed into SO(3) representations as
in Table 2
Table 2. I2 type curvature data
R ≡ Rµνµν ,
Scalars (2) R00 ≡ u
µuνRµν
≡ uµuνRαµαν
Vectors(1) P µaRabu
b
R〈µν〉
Tensors(2) F〈µν〉
where Fµν ≡ u
αuβRµανβ
Pseudo-tensor ubR〈µ
bcd ǫν〉cdqu
q
Second order fluid data is tabulated in Table 3
Third order fluid data that transforms in the scalar, vector and pseudo vector
representations is tabulated in Table 4 (we will never need 3rd order data in the 5,
7 and 9 representations, and so do not bother to tabulate these below).
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Table 3. I2 type fluid data
Before imposing eom Eoms Independent data
Scalars (1) (u.∇)Θ, ∇2T uν(u.∇)∇µT
µν = 0, (u.∇)Θ
uµuν∇µ∇νT ∇µ∇νT
µν = 0
Vectors (2) P µν(u.∇)aν , P
µν∇2uν , P
µ
a (u.∇)∇νT
νa = 0, P µa∇aΘ,
P µν∇νΘ, P
µν∇ν(u.∇)T uaP
µb∇b∇νT
νa = 0 P µa∇bσ
ab
Pseudo-vectors (0) (u.∇)lµ uνǫ
µνλσ∇λ∇aT
a
σ = 0
Tensors (1) P µaP νb(u.∇)σab, ∇〈µ∇ν〉T ∇〈µ∇aT
a
ν〉 = 0 P
µaP νb(u.∇)σab
Pseudo-tensors (1) ∇〈µlν〉 ∇〈µlν〉
Spin-3 (1) ∇〈µ∇νuα〉 ∇〈µ∇νuα〉
Table 4. I3 type fluid data
Before imposing eom Eoms Independent data
Scalars (1) (u.∇)2Θ, ∇2Θ, uν(u.∇)
2∇µT
µν = 0, (u.∇)2Θ
(u.∇)3T, (u.∇)∇2T (u.∇)∇µ∇νT
µν = 0,
uν∇
2∇µT
µν = 0
Vectors (1) P µa(u.∇)3ua P
µaub∇a∇µT
µ
b = 0 P
µa(u.∇)∇aΘ
P µa(u.∇)∇aΘ P
µ
a∇
2∇νT
νa = 0
P µa∇2∇aT P
µa∇a∇α∇βT
αβ = 0
P µa(u.∇)2∇aT P
µ
a (u.∇)
2∇νT
νa = 0
P µa(u.∇)∇2ua
Pseudo-vectors (1) P µa(u.∇)2la uνǫ
µναβ(u.∇)∇α∇aT
a
β = 0 P
µa∇2la
P µa∇2la
The third order curvature data consists of derivatives of the Reimann curvature
constrained by Bianchi identity
ǫabcd∇bRαβcd = 0
In Table 5 we list the independent curvature data that transforms in the scalar,
vector and pseudo vector representations (again we will not need and so do not list
the remaining representations)
Finally, fourth order scalar data (all we will need at fourth order), both fluid as
well as curvature, is tabuated in Table 6.
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Table 5. I3 type curvature data
Before imposing eom Eoms Independent data
Scalars (2) (u.∇)R uµǫµaαβǫ
abcd∇bR
αβ
cd = 0 (u.∇)R00
(u.∇)R00 (u.∇)R
ua∇µR
aµ
Vectors (3) P µa∇aR00 uau
νǫµναβǫ
abcd∇bR
αβ
cd = 0 P
µa∇aR00
P µa∇aR uαu
νǫµνaβǫ
abcd∇bR
αβ
cd = 0 P
µ
a∇νR
νa
P µa∇νF
νa P µaub(u.∇)Rab
P µa∇νR
νa
P µaub(u.∇)Rab
Pseudo-vectors (1) upuaǫ
abcd∇bR
µ
pcd uαuaǫ
abcd∇bR
αµ
cd = 0 u
puaǫ
µabc∇bRpc
upuaǫ
µabc∇bRpc
Table 6. I4 type scalars
Before imposing eom Eoms Independent data
Fluid data (1) (u.∇)3Θ (u.∇)3 (uν∇µT
µν) = 0 (u.∇)3Θ
(u.∇)∇2Θ (u.∇)∇2 (uν∇µT
µν) = 0
(u.∇)4T (u.∇)2∇µ∇νT
µν = 0
(u.∇)2∇2T ∇2∇µ∇νT
µν = 0
∇2(∇2T )
Curvature data (4) (u.∇)2R00 uau
νǫµναβ∇
µǫabcd∇bR
αβ
cd = 0 (u.∇)
2R00
(u.∇)2R uαu
νǫµνaβ∇
µǫabcd∇bR
αβ
cd = 0 (u.∇)
2R00
∇2R uµǫµaαβ(u.∇)ǫ
abcd∇bR
αβ
cd = 0 ∇
2R
∇2R00 ∇
2R00
ua(u.∇)∇bR
ab
∇a∇bR
ab
∇a∇bF
ab
3.2 Composite Expressions
In the sequel we will sometimes need to list for example, all 3rd order vectors. In
addition to expressions constructed out of the independent 3rd order data, listed in
the previous subsection, the set of all 3rd order vectors includes expressions cubic
in first order data, and expressions formed out of the product of one first order
and one second order piece of data. We will refer to expressions constituted out
of products of independent data as composite expressions. Composite expressions
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formed out of independent data are easily ennumerated and decomposed into SO(3)
representations using Clebsh Gordan decompositions (taking care to acccount for
symmetry properties when we multiply two or three copies of the same data).
In order to ease the process of reference to composite expressions in the rest of
the note we now adopt the following terminology. Independent data at mth order in
the derivative expansion is referred to data of the type Im. A composite expression
that consists of a product of three first order pieces of data is referred to as an
expression of the type C1,1,1. Composite expressions that consist of the product of a
first order and 3rd order piece of data are called expressions of the form C1,3. The
generalization of our notation to other forms of composite data is obvious.
In the sequel we will need to list only those composite expressions that transform
in the vector (in order to list the most general entropy current) or the scalar (in order
to list the most general terms in its divergence). In the rest of this subsection we
present a listing of those vector and scalar composite expressions that will be needed
below.
Table 7. C1,1 type expressions
Scalars (4) Θ2, a2, ω2, σ2
Vectors (3) aµΘ, aνω
µν , aνσ
µν
Tensors (5) Θσµν , σ
a
〈µσaν〉, ω
a
〈µσaν〉, ω
a
〈µωaν〉, a〈µaν〉
Here ωµν = P
µaP νb
[
∇aub−∇bua
2
]
Table 8. C1,2 type expressions independent of the curvature
Scalars (4) Θ(u.∇)Θ, (∇µT )∇
2uµ, (∇µT )(u.∇)(∇
µT ), σµν∇
µ∇νT
Vectors (11) P αµΘ∇
2uµ, P αµΘ(u.∇)∇
µT, P αµ (∇
2T )∇µT, ωµν∇
2uµ
ωµν(u.∇)∇
νT, σµν∇
2uµ, σµν(u.∇)∇
νT, P αµ (∇aT )(∇
µ∇aT )
(∇aωbµ)σ
ab, P αµ σab∇
a∇buµ, P αµ ω
ab∇µωab
Table 9. C1,2 type expressions involving a curvature
Scalars (5) Fabσ
ab, Rabσ
ab, uaabR
ab, ΘR, ΘR00
Vectors (9) P αµ aνF
µν , P αµ aνR
µν , aµR00, a
µR, P αµ uaΘR
aµ
uaRabσ
bµ, uaR
aµbcωbc, P
α
µ uaR
abµcσbc, u
aRabω
bµ
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Table 10. C1,1,1 type expressions
Scalars (7) Θ3, σ2Θ, ω2Θ, a2Θ
aµaµσ
µν , σµaσ
a
bσ
bµ, ωµaσ
a
bω
bµ
Vectors (10) σ2aµ, ω2aµ, Θ2aµ, a2aµ, Θσµνaν
Θωµνaν , σ
µaσaba
b, ωµaωaba
b, ωµaσaba
b, σµaωaba
b
4 Entropy current
In this section we will derive constraints on constitutive relations, at second order
in the derivative expansion, from the requirement of positivity of divergence of any
entropy current that reduces to suµ (where s is the entropy density) in equilibrium.
We will first explain in very broad terms how we proceed.
The entropy current takes the form
Jµ = Jµeq + J˜
µ (4.1)
where
Jµeq = su
µ
In general J˜µ has terms of all orders in the derivative expansion, but for the purposes
of this note we will find it sufficient to truncate J˜µ to terms of third order or lower in
derivatives. To start with we allow J˜ to be given by the most general possible form
consistent with symmetries. We then compute the divergence of Jµ and reexpress
the final result entirely in terms of independent data of fourth or lower order in
derivatives. The last step (reexpressing the divergence of J in terms of independent
data) uses the equations of fluid dynamics, and so the constitutive relations. Our
final expression is a polynomial in the (finite number of) pieces of data of fourth
or lower order in derivatives. We then demand that the resultant polynomial is
positive definite (or can be made so by the addition of terms higher than fourth order
in the derivative expansion) as a function of its arguments. This rather stringent
requirement turns out to yield several constraints on the form of both the entropy
current at second (and third) order as well as constitutive relations at second order
in the derivative expansion.
4.1 Entropy current in equilibrium and 1st order correction
In order to set the stage for our discussion we first recall how the requirement of
positivity of the entropy current constrains constitutive relations at first order in the
derivative expansion [7]. We first recall that thermodynamics and the fluid dynamical
equations may be used to demonstrate that
∇µJ
µ
eq = −
1
T
(
Πµνσµν +
ΘΠµµ
3
)
(4.2)
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It follows in particular from (4.2) that entropy is conserved in perfect fluid dynamics
(i.e. when Πµν vanishes). It also follows that the divergence of the most general
entropy current (4.1) only contains terms of second or higher order in the derivative
expansion. Let us now examine the constraints from the requirement of positivity
of these second order pieces. For this purpose we need to study the most general
entropy current at first order in derivatives. Imposing the requirement of invariance
under partiy, the most general (onshell inequivalent) family of first order entropy
currents is given by
Jµ = Jµequilibrium + αΘu
µ + βaµ (4.3)
(we have used here that at first order in the derivative expansion we have one piece of
scalar data, which may be chosen as Θ, and one piece of vector data, which may be
chosen as aµ). We now proceed to compute the divergence of (4.3) and use the perfect
fluid equations to rexpress the result in terms of independent data. The resultant
expression is the sum of a quadratic form in first order data and a linear form in 2nd
order scalar data. As derived in [7], the final expression for this divergence is given
as
∇µJ
µ|upto 2nd order
=−
1
T
(
Πµνσµν +
ΠΘ
3
)
+Θ(u.∇)α + (a.∇)β +
(
α+
β
3
)
Θ2
3
+ β
(
σ2 + ω2
)
+ (α + β)(u.∇)Θ + βR00
(4.4)
Here both the first and the second line have terms quadratic in 1st order data.
The last line contains the terms which are linear in second order data. There are
three independent 2nd order scalars ((u.∇)Θ, R, R00) as given in the classification
in section 3. Only two of these three scalars appear in (4.4). Since these two terms
are linear in fluid variable, they can have any sign and to ensure positivity of the
divergence their coefficients (both α and β) must be set to zero. This implies that at
1st order no correction can be added to the entropy current which is consistent with
the positivity requirement. Then in the RHS of (4.4) only the first line will give a
non-zero contribution. To evaluate the first line we need the first order corrections to
the constitutive relation. At first order the most general correction to the constitutive
relation (stress tensor in Landau gauge) will involve the single on-shell independent
1st order scalar which we have chosen to be Θ and single on-shell independent tensor
σµν .
Πµν |upto 1st order = −ησµν − ζΘPµν
where η and ζ are shear and bulk viscosity respectively.
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Therefore finally
∇µJ
µ|upto 2nd order =
1
T
(
ησ2 + ζΘ2
)
(4.5)
Hence to have a positive definite divergence one requires that
η ≥ 0, ζ ≥ 0
The main point to note in the above equation (4.5) is that it involves only
two of the four first order on-shell independent data as listed in section 3. The
squares of the independent vector aµ and the pseudo-vector lµ do not appear in
equation (4.5). Because of this fact any term in the divergence which is of the form
(aµ × I2 or I3 type vector) or (lµ × I2 or I3 type pseudo-vector) can never be made
positive-definite.
4.2 General constraints on second and the third order corrections
In general J˜µ can be written as
J˜µ =
(∑
i
Si
)
uµ +
∑
i
V
µ
i
where Si is an arbitrary combination of ith order on-shell independent scalars and
V
µ
i is a combination of ith order vectors. In the previous subsection we have seen
that to constrain the first order transport coefficients η and ζ we need to determine
only the first order correction to the entropy current (i.e. only S1 and V
µ
1 and both
of them finally turn out to be zero). But to constrain the second order transport
coefficients we need to go till the third corrections to the entropy current. The reason
is the following.
Suppose the divergence of the most general entropy current has two terms of the
form
∇µJ
µ
s = Ax
2 +Bxy = Ax2
(
1 +
By
Ax
)
where x and y are two on-shell independent fluid data and A andB are some functions
of temperature, which in general will depend on the coefficients appearing in the
entropy current or transport coefficients.
In this schematic expression of divergence since x and y are two independent
fluid data, locally the ratio By
Ax
can take any negative value, larger or smaller than 1
in magnitude and the positivity constraint will depend on whether y2 term is present
or not in the final expression of the divergence. In the absence of a y2 piece, the
coefficient B has to be set to zero and the coefficient A to some non-negative number.
But this argument does not require x and y to be of same order in derivative
expansion. Even when x is of first order in derivative and y is of second order,
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the ratio By
Ax
can be of order 1 for some particular fluid configuration where x is
accidentally small enough to be comparable to y at a given point. In such cases to
see whether y2 term is present or not, we need to compute the divergence till fourth
order. This is why we have to compute the divergence till fourth order even if we
want to constrain just the second order transport coefficients.
In fact the constraints on transport coefficients will involve situation where x
and y are necessarily of different orders. For example, B will contain some second
order transport coefficients only when x is of first order (as we will see below that
x has to be equal to σµν or Θ) and y is of second order in derivatives. It will turn
out that most of the equalities among the coefficients will follow from this sort of
argument.
Below we schematically list all the constraints we need to impose on the third
and fourth order pieces of the divergence in order to ensure its positivity.
• The coefficient of any term (appearing in third or fourth order piece of the
divergence) which contains more than one factors of σµν or Θ or at least one
factor of Θσµν will not have any constraint from positivity as long as η and
ζ are non-zero and are of order one. This is because whenever such third
or fourth order terms are non-zero, the second order piece of the divergence is
also non-zero and positive-definite and will always dominate these terms within
derivative expansion. These terms can never make the divergence negative.
Therefore while calculating the the third and fourth order divergence we shall
ignore all these terms.
• One needs to do sixth order analysis to constrain the coefficients of any term
(appearing in the fourth order divergence of the entropy current) which is of the
form (σµν × Some third order tensor) or (Θ × Some third order scalar). Such
terms generically will have contributions from third order transport coefficients.
Since we are interested only upto second order transport coefficients we shall
ignore all such terms while calculating the fourth order divergence.
• The coefficients of all the terms which contain a single I2, I3 or I4 type scalar
(at second, third and fourth order respectively) have to be set to zero. This
is because locally all these terms are linear in fluid variables and therefore can
have any sign.
• In the third order and fourth order piece of the divergence, the coefficients
of all the terms which are of the form (aµ × I2 or I3 type vector) or (lµ ×
I3 type pseudo-vector) have to be set to zero. Since there is no on-shell in-
dependent I2 type pseudo-vector, there could not be any term of the form
(lµ × I2 type pseudo-vector).
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• At this stage the terms appearing in the third order piece of the divergence will
be of the following form.
1. σµν × (I2 or C1,1 type tensors)
2. Θ× (I2 or C1,1 type scalars)
All these terms will involve the second order transport coefficients.
The relevant terms appearing at the fourth order (where all the terms involving
σµν and Θ are ignored) will be of the following form.
1. A quadratic form involving independent I2 type data
2. A quartic form involving aµ and ωµν
3. Terms linear in I2 type data and quadratic in aµ and/or ωµν
Therefore when η 6= 0 and ζ 6= 0 the relevant part of the divergence calculated
upto fourth order is schematically given by
Divergence =
η σ2 + ζ Θ2
T
+ σµν × (I2 or C1,1 type tensors) + Θ× (I2 or C1,1 type scalars)
+ A quadratic form involving independent I2 type data
+ Terms linear in I2 type data and quadratic in aµ and/or ωµν
+A quartic form involving aµ and ωµν
(4.6)
where in the second line all the C1,1 type tensors involving σµν and all the C1,1
type scalars involving Θ are ignored.
• Now we can shift σµν by a combination of I2 or C1,1 type tensors such that
the term linear in σµν appearing in the second line gets absorbed. This shift
will generate fourth order terms structurally similar to the terms appearing in
third, fourth and fifth line of the above equation. One can see that all these
newly generated terms together will necessarily be negative definite. Similar
shift has to be done to absorb the terms linear in Θ to the first line of (4.6).
• One can do similar shifts in I2 type data to absorb the terms appearing in the
fourth line of equation (4.6) into terms appearing in the third and fifth line with
I2 data replaced by the shifted one. At this stage the schematic expression of
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the divergence will take the following form.
Divergence =
η (shifted σ)2 + ζ (shifted Θ)2
T
+A quadratic form involving shifted I2 type data
+ A quartic form involving aµ and ωµν
(4.7)
• The positive definiteness of the divergence finally will imply the positivity of
the quadratic and the quartic form appearing in the second and the third line
of (4.7).
Such condition will generically give some inequalities among the coefficients.
However suppose by explicit computation one finds that for some particular negative
definite term generated by the shift there is no term present in the third or fifth
line of equation (4.6) to compensate. Then this will imply that the coefficient of the
corresponding linear term (the source for generating this particular negative-definite
term through shift) in the second line or fourth line has to be set to zero. This will
give strict equalities among the coefficients.
It will turn out that all of the constraints on the 2nd order transport coefficients
will arise from this sort of argument.
In explicit calculation we will see that in the quadratic form involving the I2 type
data there will not be any term proportional to R200, R
2, FµνF
µν and RµνRabP
µaP νb.
This will imply that the coefficients of all the terms linear in R00, R, Fµν and
RµνP
µaP νb have to be zero. It turns out that once we set these linear terms to
zero, the quartic form mentioned in the last line of equation (4.6) also vanishes.
The vanishing of these terms at fourth order gives the final constraint on the
transport coefficients. In the explicit computation we will see that there are eight
terms (Θa2, Θ l2, σµνa
µaν , σµν l
µlν σµνR
µν , σµνF
µν , RΘ and R00Θ) in the third order
divergence which are linear in the set of fluid and curvature data mentioned above
and also involve eight independent transport coefficients. So setting the coefficient
of these linear terms to zero, we can express the eight transport coefficients in terms
of the coefficients appearing in the second order entropy current. It will turn out
only three of the entropy current coefficients appear in these expressions. Eliminat-
ing these three coefficients we get the final five relations among the 15 transport
coefficients as presented in (1.3).
Once all these relations are imposed on the divergence, one is left with a quadratic
form involving only I2 type data . To ensure that this quadratic form is positive-
definite the coefficients appearing in the second and third order entropy current as
well as the transport coefficients have to satisfy some inequalities. But in this case,
at least upto this order the entropy current coefficients can not be eliminated from
the relations. Therefore unlike the first order transport coefficients the second order
ones do not satisfy any inequalities within themselves.
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4.3 Implementing the general rules at second order
At second order we have to determine S2 and V
µ
2 such that the divergence calculated
upto third order in derivative expansion is non-negative. Here we shall follow the
general procedure described in the previous subsection.
We shall express S2 and V
µ
2 in terms of the on-shell independent second order
scalars and vectors respectively. S2 will have 7 coefficients, three multiplying the
three independent I2 type scalars and rest of four multiplying the four C1,1 type
scalars. Vµ will also have 6 coefficients, three multiplying the three I2 type vectors
and the rest multiplying the three C1,1 type vectors.
So before imposing any constraint the entropy current at second order contains
total 13 coefficients, each of which is an arbitrary function of temperature.
We shall write this most general 13 parameter entropy current in the following
form .
J˜µ|second order =∇ν [A1(u
µ∇νT − uν∇µT )] +∇ν (A2Tω
µν)
+ A3
(
Rµν −
1
2
gµνR
)
uν + [A4(u.∇)Θ + A5R + A6R00] u
µ
+ (B1ω
2 +B2Θ
2 +B3σ
2)uµ +B4
[
(∇s)2uµ + 2sΘ∇µs
]
+
[
Θ∇µB5 − P
ab(∇bu
µ)(∇aB5)
]
+B6Θa
µ +B7aνσ
µν
(4.8)
Here s is the entropy density and all the coefficients Ai and the Bi are the arbitrary
functions of temperature.
Now we shall argue that (4.8) is actually the most general 13 parameter entropy
current. By equations of motion one can show that the only I2 type vector appearing
in the first term is P µa∇aΘ, the second term contains a linear combination of all the
three independent I2 type vectors and in the third term the only I2 type vector that
appears is P µaRabu
b. Therefore the first three terms together take care of the all
the three I2 type vectors. Terms multiplying A4, A5 and A6 are the three I2 type
scalars.
By equation of motion B4 term is equal to a linear combination of Θ
2uµ, a2uµ
and Θaµ. Similarly B5 term is a particular linear combination of Θ
2uµ, a2uµ, Θaµ,
aνσ
µν and aνω
µν . Therefore all the C1,1 type scalars and vectors appear in (4.8) with
distinct coefficients.
Next we shall compute the divergence of this 13 parameter entropy current con-
structed in (4.8). We have to set the coefficients of all the I3 type on-shell independent
terms to zero. Since there are total 3 independent I3 type scalars, it can impose at
most three relations among the coefficients appearing in the second order entropy
current. Next we have to isolate all the C1,2 type terms which are of the form of aµ
times a I2 type vector and set their coefficients to zero. Since there are total three
second order I2 type vectors this condition also can impose at most three constraints.
• The divergence of the first two terms in (4.8) vanish identically.
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• The divergence of the third term (the term with coefficient A3) does not produce
any I3 type scalar. The divergence of this term is explicitly computed in (B.2).
• The three independent I3 type scalars (u
aub∇a∇bΘ, u.∇R, u.∇R00) are pro-
duced from the three terms multiplying coefficients A4, A5 and A6 respectively.
Therefore to maintain positivity A4, A5 and A6 have to be set to zero.
• The divergence of the terms multiplying B1, B2, B3 and B4 do not
produce any term of the form aµ times an I2 type vector. The divergence of
these terms are explicitly computed in (B.5), (B.6), and (B.7) respectively.
• The divergence of the terms with coefficients B6 and B7 produce the two terms
aν∇µσ
µν and aµ∇
µΘ respectively whose net coefficient should be zero to ensure
the positivity of the divergence.
Since these are the only places where these terms are produced, B6 and B7 are
set to zero.
• Both the terms multiplying B5 and A3 produce the third possible term of the
form aµ times an I2 type vector which is aµR
µνuν (see (B.2) and (B.3)). The
net coefficient is
(
A3
T
+ dA3
dT
− dB5
dT
)
.
Therefore positivity implies
dB5
dT
=
A3
T
+
dA3
dT
After imposing all these constraints the final form of the second order entropy
current is given as
J˜µ|second order
=∇ν [A1(u
µ∇νT − uν∇µT )] +∇ν (A2Tω
µν)
+ A3
(
Rµν −
1
2
gµνR
)
uν +
(
A3
T
+
dA3
dT
)[
Θ∇µT − P ab(∇bu
µ)(∇aT )
]
+ (B1ω
2 +B2Θ
2 +B3σ
2)uµ +B4
[
(∇s)2uµ + 2sΘ∇µs
]
(4.9)
4.4 Implementing the general rules at third order
• First we have to write S3 and V
µ
3 in terms of the on-shell independent data.
• The coefficients of all the I4 type data appearing at the fourth order divergence
have to be set to zero. An I4 type term in the fourth order divergence can occur
only when the derivative acts on the I3 type terms of the third order entropy
current. Therefore this condition will constrain the coefficients of the I3 type
terms.
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Now there are 3 I3 type independent third order scalars and 4 I3 type indepen-
dent third order vectors and there are total 5 I4 type fourth order scalars. This
means one can have at least 2 distinct coefficients multiplying I3 type terms in
a third order entropy current with positive definite divergence.
It turns out that after imposing this constraint there are exactly two coefficients
left and the terms multiplying them can be chosen in such a way that their
divergence vanish identically. So these two terms will not contribute to any
further constraint.
• The number of free coefficients that can multiply the C1,2 type data in third
order entropy current is quite large. There can be total 9 free coefficients in
S3 and 20 in V
µ
3 .
These coefficients will be constrained by the fact that any terms of the form
aµ times a I3 type vector or lµ times a I3 type pseudo-vector have to be set to
zero.
Since there are total 4 I3 type vectors and total 2 I3 pseudo-vectors, it can
produce at most 6 constraints, reducing the number of free coefficients to 23.
• Since there is no other general constraint to simplify the form of the entropy
current at this stage we have to calculate the divergence.
But we will not attempt to calculate the full divergence. Instead we shall
calculate only those terms which can impact the constraints on the second
order transport coefficients.
For this purpose in the divergence we can ignore all those terms which are
multiplied by Θ or σµν .
Also to simplify we shall try to write the terms in the form of (∇µA
µν ) where
Aµν is an anti-symmetric tensor, so that their divergence vanish identically. We
could not do it for all the independent terms, but we try to apply this trick for
as many terms as possible.
Now we shall explicitly construct the required part of the third order entropy
current piece by piece.
The part multiplying the I3 type terms can be written as
J˜µ|3rd order/I3type
=∇ν [P1(u
ν(u.∇)∇µT − uµ(u.∇)∇νT )] +∇ν
[
P2(u
νR
µ
θu
θ − uµRνθu
θ)
]
+
[
P3(u.∇)
3T + P4(u.∇)R+ P5(u.∇)R00
]
uµ
+ P µa [P6∇aR00 + P7∇aR]
(4.10)
In the first and the third term the two independent I3 type fluid data are chosen
to be (u.∇)2∇µT and (u.∇)3T . The independent I3 type curvature data are chosen
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from the list given in section 3. The second term (with the coefficient P2) contains
the independent vector P µaub(u.∇)Rab.
Here all the terms in the third and the fourth line produce independent I4 type
scalars at fourth order and therefore they are all set to zero. The divergence of the
first two terms vanish identically.
So finally this part of the entropy current has only two terms and both the terms
have zero divergence.
J˜µ|3rd order/I3 type
=∇ν [P1(u
ν(u.∇)∇µT − uµ(u.∇)∇νT )] +∇ν
[
P2(u
νR
µ
θu
θ − uµRνθu
θ)
] (4.11)
The part multiplying the C1,2 type terms have total 29 coefficients to begin with.
We shall try to write them in a way so that the computation becomes simpler. In
table (11) and table (12) we have listed each of the independent C1,2 type fluid
data and then the independent combination through which this data has entered
the entropy current. In table (15) we have listed the relevant C1,1,1 type scalars and
vectors and also their coefficients in the entropy current. In all these cases, to begin
with the coefficients are some unspecified functions of temperature.
Table 11. C1,2 type Scalars (Fluid data)
Scalars as listed before Combination that enters entropy current
Θ(u.∇)Θ Q1 [Θ(u.∇)Θ]u
µ
σµν(u.∇)σ
µν Q2
[
σab(u.∇)σ
ab
]
uµ
aµ∇aσ
aµ ∇µ [Q3 (u
µσaν − uνσaµ) aa]
aµ∇aω
aµ ∇µ [Q4 (u
µωaν − uνωaµ) aa]
We shall start our analysis by computing the divergence of the terms appearing
in table (11) and (12).
• The divergence of the terms with coefficients (Qi, i = 3, · · · , 7) vanish identi-
cally.
• It turns out that the term with coefficient Q8 is the only term which produces
aµ times a third order I3 type vector. Therefore Q8 has to be set to zero.
• Similarly if we analyse only the third order entropy current, the term with
coefficient Q9 is the only term that produces lµ times a third order I3 type
pseudo-vector in the fourth order divergence. However a similar term is also
produced when the divergence of the B1 term in the second order entropy
current is computed upto fourth order.
∇µ
[
B1ω
2uµ
]
= B1ω
2Θ+ [(u.∇)B1]ω
2 + 2B1ω
ab(u.∇)ωba (4.12)
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Table 12. C1,2 type Vectors (Fluid data)
Vectors as listed before Combination that enters entropy current
Θ∇µΘ ∇ν [Q5 Θ(u
µgaν − uνgaµ)aa]
Θ∇νω
µν ∇ν [Q6 Θω
µν ]
ωµν∇aσ
a
ν ∇ν
[
Q7
(
ωµθσνθ − ω
νθσ
µ
θ
)]
aa(∇
µ∇aT ) Q8 aa(∇
µ∇aT )
ωab∇µωab Q9 ω
ab∇µωab
aµ(u.∇)Θ Q10 [a
µ(u.∇)Θ− uµ(a.∇)Θ]
ωµν∇
νΘ ωµν∇ν (Q11Θ)
σµν∇
νΘ Q12 σ
µ
ν∇
νΘ
σµν∇θσ
θν Q13 σ
µ
ν∇θσ
θν
P µc σab∇
〈cσab〉 P µc σab∇
〈cσab〉
P µcσab
(
∇aωbc −
Pab
3
∇kωkc
)
Q15 P
µcσab
(
∇aωbc −
Pab
3
∇kωkc
)
Since there is no second order on-shell pseudo vector, ωba(u.∇)ωba must contain
a third order pseudo-vector times lµ. Then in the final fourth order divergence
the total coefficient of such term (ie. the term proportional to third order
pseudo-vector times lµ) will be a linear combination of B1 and Q9, which should
be set to zero.
But to simplify the calculation instead we shall introduce a third order shift
in the ‘B1 term’ of the second order entropy current and will consider the
following term
[
B1ω
2uµ − 2B1
Ts
ωµb∇aΠ
a
b
]
. The divergence of the shifted ‘B1
term’ no longer contains the terms proportional to third order pseudo-vector
times lµ. (The releveant part for the divergence of the shifted ‘B1’ term is
computed in (B.5). Once this shift is done, Q9 also has to be set to zero,
since now this is the only term which produces lµ times a third order I3 type
pseudo-vector.
For the rest of the 8 terms we have to compute the divergence explicitly. However
we are interested in those terms in the fourth order divergence which does not have
any explicit factor of Θ or σµν . This simplifies the calculation. For example, in
the divergence of the term with coefficient Q1, the only contribution which will be
relevant for our purpose is
(
Q1 [(u.∇)Θ]
2
)
.
• The relevant part of the divergence of the last two terms with coefficients Q14
and Q15 are the following.
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∇µ
[
Q14 P
µ
c σab∇
〈cσab〉
]
⇒ Q14 P
µ
ν
[
∇〈µσab〉
] [
∇〈νσab〉
]
∇µ
[
Q15 P
µcσab
(
∇aωbc −
Pab
3
∇kωkc
)]
⇒ Q15 P
νc [∇νσ
a
b ]
[
∇aωbc −
Pab
3
∇kωkc
]
(4.13)
Here in the first line we get a term proportional to (spin-3)2 and in the second
line we get a term proportional to (pseudo-tensor)2. It will turn out that
such terms cannot occur in any other place. Positivity of the divergence will
be satisfied if both Q14 and Q15 are positive. Therefore these terms will not
produce any constraint on the second order transport coefficients.
• The other five terms where the relevant parts are easy to calculate are the
following.
∇µ [Q1 u
µΘ(u.∇)Θ]⇒ Q1[(u.∇)Θ]
2
∇µ
[
Q2 u
µσab(u.∇)σ
ab
]
⇒ Q2[(u.∇)σab][(u.∇)σ
ab]
∇µ [Q12 σ
µ
ν∇
νΘ]⇒ Q12[∇µσ
µ
ν ][∇
νΘ]
∇µ
[
Q13 σ
µ
ν∇θσ
θν
]
⇒ Q13 [∇µσ
µ
ν ]
[
∇θσ
θν
]
(4.14)
• The relevant part in the divergence of the terms with coefficients Q10 and Q11
are more complicated.
The divergence of the ‘Q11-term’ is given by the following expression.
∇µ [ω
µν∇ν (Q11Θ)]
= Q11 [∇µω
µν ] [∇νΘ] + [∇µω
µν ] [∇νQ11] Θ
⇒−Q11 [∇
µΘ]
[
− Pνµ∇aσ
aν +
2
3
Pνµ∇
νΘ+ PµνuaR
aν + abω
bµ
]
−Q11ω
2(u.∇)Θ
(4.15)
where in the last line we have used the identity (A.5) and ignored the terms
proportional to Θ and σµν .
– 24 –
The divergence of the ‘Q10-term’ is given by
∇µ
(
Q10 [a
µ(u.∇)Θ− uµ(a.∇)Θ]
)
=− T
(
dQ10
dT
)
a
2(u.∇)Θ + s
(
dQ10
ds
)
Θ(a.∇)Θ
+Q10
[
(∇.a)(u.∇)Θ + aµ(∇µu
a)(∇aΘ)− (∇bΘ)(u.∇)a
b −Θ(a.∇)Θ
]
⇒ −
(
T
dQ10
dT
+Q10
)
a
2(u.∇)Θ
+Q10
[
ω2(u.∇)Θ + [(u.∇)Θ]2 +R00(u.∇)Θ−
(
s
T
dT
ds
)
Pab(∇
aΘ)(∇bΘ)
]
(4.16)
To express the divergence in the chosen basis of independent data we have used
the identities (A.1), (A.3) and (A.4).
Here also in the final expression we have ignored the terms proportional to Θ
and σµν .
Table 13. C1,2 type Scalars (Curvature data)
Scalars as listed before Combination that enters entropy current
Fabσ
ab P1
(
Fabσ
ab
)
uµ
Rabσ
ab P2
(
Rabσ
ab
)
uµ
ΘR P3 u
µΘR
ΘR00 P4 u
µΘR00
uaabR
ab P5 u
µ
(
uaabR
ab
)
Next we shall compute the divergence of the curvature type data appearing in
table (13) and (14).
• It turns out that the divergence of the terms multiplying P5, P6 and P7 are the
only terms which produce the terms of the form aµ times an independent third
order I3 type curvature vector. Therefore we have to set P5, P6 and P7 to zero.
• Similarly the divergence of the term multiplying P8 is the only place where lµ
times a third order I3 type curvature pseudo-vector is produced. Therefore P8
should also be set to zero.
The divergence of the remaining 10 terms have to be computed. Here also we shall
ignore any term that are multiplied by an explicit factor of Θ or σµν .
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Table 14. C1,2 type Vectors (Curvature data)
Vectors as listed before Combination that enters entropy current
aµR P6 a
µR
aµR00 P7 a
µR00
uaRabω
bµ P8 u
aRabω
bµ
aνR
µν P9
(
Rµν − 1
2
gµνR
)
aν
aνF
µν P10
(
F µνaν − R00a
µ + uµuaabR
ab
)
uaR
aµbcωbc P11
(
uaR
aµαβωαβ + 2ω
µαuaRaα
)
uaΘR
aµ P12 uaΘR
aµ
uaRabσ
bµ P13 u
aRabσ
bµ
uaR
abµcσbc P14 uaR
abµcσbc
• First we shall determine the relevant part of the divergence of the terms with
the coefficients Pi, i = 1, 2, 3, 4 and 12, 13, 14. These are easy to calculate
∇µ
[
P1
(
Fabσ
ab
)
uµ
]
⇒ P1 F
ab(u.∇)σab
∇µ
[
P2
(
Rabσ
ab
)
uµ
]
⇒ P2 R
ab(u.∇)σab
∇µ [P3 u
µΘR]⇒ P3 R(u.∇)Θ
∇µ [P4 u
µΘR00]⇒ P4 R00(u.∇)Θ
∇µ
[
P12 P
µ
b uaΘR
ab
]
⇒ P12 uaR
abP
µ
b ∇µΘ
∇µ
[
P13 u
aRabσ
bµ
]
⇒ P13 u
aRabP
b
ν∇µσ
µν
∇µ
[
P14 uaP
µ
ν R
abνcσbc
]
⇒ P14 uaP
µ
ν R
abνc∇µσbc
(4.17)
Now we shall compute the divergence of the difficult terms multiplying the coef-
ficients P9, P10 and P11 respectively. We first analyse the situation where in a given
basis all the fluid data are locally zero upto the required order and only the curvature
data are turned on. For such configurations it will turn out that only these three
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terms can produce non-zero divergence. They are given by the following expressions4.
∇µ
[
P9
(
Rµb −
1
2
gµbR
)
ab
]
= P9
[
−
R.R00
2
+RabFab
]
(4.18)
∇µ
[
P10
(
F µνaν − R00a
µ + uµuaabR
ab
)]
= P10
[
F abFab − R
2
00
]
(4.19)
∇µ
[
P11
(
uaR
aµαβωαβ + 2ω
µαuaRaα
)]
= P11
[
2uaubRacP
cdRdb + A
µνλ
(
1
2
Aµνλ + Aλνµ
)]
(4.20)
where Aµνλ = uρR
ρabcP µa P
ν
b P
λ
c .
Now from these three equations (4.18), (4.19) and (4.20) we can conclude the
following.
• The last term in the RHS of (4.20) contains only the (pseudotensor)2 and a
(vector)2, but cannot produce any term proportional to R200 or FabF
ab. There-
fore to have positivity of the divergence for all values of F 2 and R200 we must
set P10 to zero .
• Once P10 is set to zero, there are no terms in the final expressions of divergence
that contain
(
R〈µν〉
)2
,
(
F〈µν〉
)2
, R2 or R200. Therefore in the full divergence the
coefficients of all the terms linear in these four independent data must be zero.
To satisfy this condition we have to set the following coefficients to zero.
1. P1 = 0 as it is the total coefficient of the term F
ab(u.∇)σab.
2. P2 = 0 as it is the total coefficient of the term R
ab(u.∇)σab.
3. P3 = 0 as it is the total coefficient of the term R(u.∇)Θ.
4. Q10 + P4 = 0 as it is the total coefficient of the term R00(u.∇)Θ.
5. P9 = 0 as it is the total coefficient of the term R.R00.
4In this computation, apart from the explicit curvature there is one more source for producing
the curvature terms. These are arising because we want to write the final answer for the fluid
data in a given basis as chosen in section 3. For example while computing the left hand side of
equation (4.18), we shall get a term like R(∇.a). However, our basis of independent second order
fluid data contains a single scalar (u.∇)Θ. Therefore we have to express (∇.a) in terms (u.∇)Θ
before setting the fluid data to zero. In this process we shall generate a curvature term R00 as
calculated in equation (A.3). Similar techniques have been used to compute the divergence of the
other two terms multiplying P10 and P11.
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C1,1,1 type data
In the fourth order divergence we are not interested in any terms that are
multiplied by Θ or σµν . Therefore in the third order entropy current we did
not need to consider the C1,1,1 type terms which contains more than one factor
of Θ, σµν or both.
Here we are listing only those terms which we shall require for our analysis.
Table 15. C1,1,1 type data (Only the relevant ones)
Scalars Vectors
K1 u
µω2Θ K5 ω
µaσaba
b
K2 u
µa2Θ K6 σ
µaωaba
b
K3 u
µ
(
abacσ
bc
)
K7 ω
µa
abΘ
K4 u
µ
(
ωabσ
b
cω
ca
)
K8 ω
2aµ
K9 a
2aµ
K10 ω
µaωaba
b
Now we shall compute relevant part in the divergence of the each of the relevant
term. It will turn out that analysing the explicit expression of the divergence
we can further set some of the non-zero coefficients to zero.
– Here also the relevant parts are easy to calculate for the terms with the
coefficients Ki, i = 1, 2, 3, 4, 5, 6 and 7 .
∇µ
[
K1 u
µω2Θ
]
⇒ K1 ω
2(u.∇)Θ
∇µ
[
K2 u
µ
a
2Θ
]
⇒ K2 a
2(u.∇)Θ
∇µ
[
K3 u
µ
(
abacσ
bc
)]
⇒ K3 abac(u.∇)σ
bc
∇µ
[
K4 u
µ
(
ωabσ
b
cω
ca
)]
⇒ K4 ωab
[
(u.∇)σbc
]
ωca
∇µ
[
K5 ω
µaσaba
b
]
⇒ K5 ω
µa [∇µσab] a
b
∇µ
[
K6 σ
µaωaba
b
]
⇒ K6 [∇µσ
µa]ωaba
b
∇µ
[
K7 ω
µb
a
bΘ
]
⇒ K7
[
ωµbab∇µΘ
]
(4.21)
– The divergence of the terms with coefficients K8, K9 and K10 are compli-
cated. These are given by the following expressions.
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‘K8-term’
∇µ
[
K8 ω
2
a
µ
]
= [(a.∇)K8]ω
2 + 2K8 ω
µν(a.∇)ωνµ +K8 ω
2(∇.a)
⇒ − T
(
dK8
dT
)
a
2ω2 + 2K8 ω
µν(a.∇)ωνµ
+K8 ω
2
[
ω2 + (u.∇)Θ +R00
]
(4.22)
In the last step we have kept only the relevant terms and used (A.1) and
(A.3) for simplification.
K9-term
∇µ
[
K9 a
2
a
µ
]
= a2(a.∇)K9 +K9a
2(∇.a) + 2K9 a
µ
a
ν∇µaν
⇒ −
(
T
dK9
dT
+K9
)
a
4 +K9 a
2
[
ω2 +
5
3
(u.∇)Θ +R00
]
+ 2K9 a
µ
a
ν [(u.∇)σµν + Fµν + ωµaω
a
µ]
(4.23)
In the last step we have used equations (A.1), (A.3) and (A.7).
K10-term
∇µ
[
K10 ω
µaωaba
b
]
= K10
[
(∇µω
µa)ωaba
b + ωµaab(∇µωab) + ω
µaωab(∇µa
b)
]
+ (∇µK10)ω
µaωaba
b
⇒ −
(
T
dK10
dT
+K10
)(
aµω
µaωaba
b
)
+K10 ω
µa
a
b(∇µωab)
+K10 ω
µ
aω
aν
[
(u.∇)σµν + Fµν + ωµbω
b
ν
]
−K10 ωµba
b
[
−∇aσ
aµ +
2
3
∇µΘ+ uaR
aµ + abω
bµ
]
(4.24)
In the last step we have used relevant part of equations (A.1), (A.6) and
(A.8).
Now as explained before, all the terms that are linear in R00, R, Rij and Fij
should be set to zero. This will imply the following for the C1,1,1 part of the
entropy current.
1. K8 = 0 as it is the total coefficient of the term ω
2R00.
2. K9 = 0 as it is the total coefficient of the term a.F.a
3. K10 = 0 as it is the total coefficient of the term Tr[ω.F.ω]
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• Once K8, K9 and K10 are zero there are no terms in the fourth order divergence
which are proportional to [ω2]
2
, [a2]
2
, a2ω2 or [a.ω]2. This will imply that in
the divergence the net coefficients of all the terms, linear in a2, ω2, ωµaω
aν or
aµω
µν should be zero.
To satisfy this condition we have to set all the Ki from i = 1, · · · , 5 to zero.
This will also set Q11 to zero.
K6 and K7 get related to B1 and B5 in the following way (see (B.4) and (B.5)).
K6
η
=
K7
ζ
=
1
s
(
dB5
dT
+
2B1
T
+ 2
dB1
dT
)
Absence of these four fourth order terms mentioned above will also impose
some constraints on the transport coefficients of second order stress-tensor by
requiring that the coefficients of the four terms Θa2, Θω2, ωabσ
b
cω
ca and aaσ
abab
in the third order divergence should vanish.
5 Constraints on 2nd order transport coefficients
In this section we shall finally analyse how this condition of local entropy production
constrains the second order transport coefficients. In the first part of this section we
shall derive these constraints. These include the set of five relations among the 15
transport coefficients (as mentioned in the section 1) and also two inequalities involv-
ing both the first and second order transport coefficients as well as some coefficients
appearing in the entropy current.
Then in the next subsection we shall compare our final result with the answer
presented in [2] and [1].
5.1 Derivation of the constraints
At second order, just from symmetry analysis, the stress tensor will have 15 transport
coefficients.
Πµν = T
[
τ (u.∇)σ〈µν〉 + κ1R〈µν〉 + κ2F〈µν〉 + λ0 Θσµν
+ λ1 σ〈µ
aσaν〉 + λ2 σ〈µ
aωaν〉 + λ3 ω〈µ
aωaν〉 + λ4 a〈µaν〉
]
+ TPµν
[
ζ1(u.∇)Θ + ζ2R + ζ3R00 + ξ1Θ
2 + ξ2σ
2 + ξ3ω
2 + ξ4a
2
] (5.1)
As explained before, in the expression of the divergence of the entropy current, Πµν
will always appear contracted with σµν and Π with Θ. Therefore, in Π
ab all the
terms, which have either σab or Θ as factors, will finally generate a set of quadratic
and higher order terms in σab and Θ. Such terms are always suppressed in dervative
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expansion over the second order piece of the divergence provided the shear and the
bulk viscosities are non zero. Therefore the coefficients multiplying these terms
can never be constrained from the condition of positivity. Among the 15 transport
coefficients, five (λ0, λ1, λ2, ξ1 and ξ2) are of such type and therefore are completely
unconstrained.
It turns out that to maintain the positivity of the divergence, the coefficients
τ and ζ1 have to satisfy some inequalities. This is because at fourth order, the
divergence of the entropy current will contain terms proportional to [(u.∇)σ]2 and
[(u.∇)Θ]2 whose coefficients are Q2 and Q1 respectively (see (4.14)). These two
terms, along with four other terms (σ2, Θ2, σµν(u.∇)σµν and Θ(u.∇)Θ, appearing in
the second and third order pieces of the divergence) together can be made positive
definite provided the transport coefficients τ and ζ1 satisfy the following inequalities.
(ζ1 − CΘ)
2 ≤ 4ζQ1
(τ − Cσ)
2 ≤ 4ηQ2
(5.2)
Where CΘ and Cσ are the coefficients of the term Θ(u.∇)Θ and σ
ab(u.∇)σab respec-
tively in the divergence of the third order entropy current.
CΘ = 2s
dB5
ds
−
2
3
T
dB5
dT
+ 2B2 + 2B4s
(
s− T
ds
dT
)
Cσ = T
dB5
dT
+ 2B3
(5.3)
But unlike the inequalities for the first order transport coefficients (η ≥ 0 and ζ ≥ 0)
(5.2) involves several free coefficients appearing in the entropy current and hence it
does not give any relation within the transport coefficients themselves.
Now we shall come to those relations which will give some equalities among
the remaining eight transport coefficients. By computing the divergence of the en-
tropy current upto fourth order we can see that there are no terms proportional to
R2, R200, RabR
ab, FabF
ab, a4, ω4 and (a.ω)2. It will imply that the coefficients of the
following 8 terms in the divergence of the entropy current have to be zero.
1. CF ≡ Coefficient of the term σabF
ab
2. CR ≡ Coefficient of the term σabR
ab
3. Ca ≡ Coefficient of the term a
aabσab
4. Cω ≡ Coefficient of the term ω
apωp
bσab
5. QF ≡ Coefficient of the term ΘR00
6. QR ≡ Coefficient of the term ΘR
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7. Qa ≡ Coefficient of the term Θa
2
8. Qω ≡ Coefficient of the term Θω
2
Solving each of the above eight conditions we can express the remaining eight
transport coefficients in terms of the coefficients appearing in the divergence of the
second order entropy current.
These are given by the following expressions.
CR = 0⇒ κ1 = A3, CF = 0⇒ κ2 = T
dB5
dT
Cω = 0⇒ λ3 = T
dB5
dT
− 4B1
Ca = 0⇒ λ4 = −
[
T 2
d2B5
dT 2
+ T
dB5
dT
+ 2B4T
2
(
ds
dT
)2]
QR = 0⇒ ζ2 =
1
2
[
s
dA3
ds
−
A3
3
]
QF = 0⇒ ζ3 = s
dA3
ds
+
A3
3
−
2T
3
dB5
dT
− 2B4Ts
ds
dT
Qω = 0⇒ ξ3 = −2B4Ts
ds
dT
+ T
dB5
dT
[
s
T
dT
ds
−
2
3
]
− s
dB1
ds
+B1
[
2s
T
dT
ds
−
1
3
]
Qa = 0⇒ ξ4 = T
2s
ds
dT
dB4
dT
+B4
[
T 2
3
(
ds
dT
)2
+ 4Ts
ds
dT
+ 2T 2s
d2s
dT 2
]
+
2
3
(
T
dB5
dT
+ T 2
d2B5
dT 2
)
where
dB5
dT
=
A3
T
+
dA3
dT
(5.4)
From (5.4) we can see that all these eight coefficients can be determined in terms
of three independent coefficients(A3, B1 and B4 ) appearing in the third order entropy
current. Therefore eleminating the three entropy current coefficients, mentioned
above finally we shall get five relations among these eight transport coefficients.
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κ2 = κ1 + T
dκ1
dT
, ζ2 =
1
2
[
s
dκ1
ds
−
κ1
3
]
ζ3 =
(
s
dκ1
ds
+
κ1
3
)
+
(
s
dκ2
ds
−
2κ2
3
)
+
s
T
(
dT
ds
)
λ4
ξ3 =
3
4
( s
T
)(dT
ds
)(
T
dκ2
dT
+ 2κ2
)
−
3κ2
4
+
( s
T
)(dT
ds
)
λ4
+
1
4
[
s
dλ3
ds
+
λ3
3
− 2
( s
T
)(dT
ds
)
λ3
]
ξ4 = −
λ4
6
−
s
T
(
dT
ds
)(
λ4 +
T
2
dλ4
dT
)
− T
(
dκ2
dT
)(
3s
2T
dT
ds
−
1
2
)
−
Ts
2
(
dT
ds
)(
d2κ2
dT 2
)
(5.5)
5.2 Comparison with [2]
In [2] authors have constructed some examples of non-conformal fluid which can
be obtained by dimensional reduction of some higher dimensional conformal theory.
The entropy of such non conformal fluid is proportional to T 2σ−1 where 2σ was the
dimension of the space-time before the reduction. Since this particular nonconformal
fluid satisfies the condition of ‘positivity’ of the divergence of the entropy current by
construction the transport coefficients should also obey the relations listed in (5.5).
Below we are quoting the values of some transport coefficients for such non-
conformal fluids. These are the transport coefficients which enter the 5 relations in
(5.5).
λ3 = Λ3T
2σ−3, ξ3 =
2σ − 4
3(2σ − 1)
λ3
κ1 = κT
2σ−3, ζ2 =
2σ − 4
3(2σ − 1)
κ1
κ2 = (2σ − 2)κ1, ζ3 =
2σ − 4
3(2σ − 2)
κ2
λ4 = 0, ξ4 = 0
(5.6)
where Λ3 and κ are two dimensionful constants which depend on the length of the
compactified dimensions but independent of temperature. Using the fact that for
such dimensionally reduced nonconformal fluids the entropy can be written as
s ∝ T 2σ−1
one can check that these values satisfy the relations given in (5.5).
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5.3 Comparison with [1]
To compare, first we shall express the eight relevant transport coefficients (the ones
which appear in equation (5.5)) in terms of the coefficients as given in [1] . The
dictionary is the following.
Tζ2 = ξ
Rom
5 , T ζ3 = ξ
Rom
6 , T ξ3 = −ξ
Rom
3
Tλ3 = −λ
Rom
3 , Tκ1 = κ
Rom, Tκ2 = 2(κ− κ
∗)Rom
Tξ4 =
T 2
s2
(
ds
dT
)2
ξRom4 , Tλ4 =
T 2
s2
(
ds
dT
)2
λRom4
(5.7)
The author of [1] has argued for the existence of two relations among 5 of these 8
nondissipative transport coefficients. These two relations are not explicitly presented
in the paper [1] in generality. However the author of [1] appears to claim, in the un-
numbered equation in section 5 (below equation 32 ) of [1], that in the special case,
when
T = sc
2
s , and κRom ∝
s
T
(5.8)
the two relations among the five transport coefficients reduce to the folllowing.
ξRom5 =
κRom
3
[
1− 3c2s
]
ξRom6 + ξ
Rom
3 = −
(
3c2s − 1
3c2s
)[
κRom + c2sλ
Rom
3
] (5.9)
The first equation in (5.9) indeed reduces to the second equation in (5.5) when c2s
is a constant. In order to compare our results with the second of (5.9), we subtract
the fourth equation from the third equation of (5.5) and then use the first equation
of (5.5).
This gives a relationship between all the same transport coefficients that appear
in the second equation of (5.9). However the relationship we find is the following.
ζ3 − ξ3 = ξ
Rom
6 + ξ
Rom
3
=
(
s
dκ1
ds
+
κ1
3
)
+
1
4
(
s
dκ2
ds
+
κ2
3
)
−
3
2
s
T
dT
ds
κ2
−
1
4
[
s
dλ3
ds
+
λ3
3
− 2
( s
T
)(dT
ds
)
λ3
]
where
κ2 = κ1 + T
dκ1
dT
(5.10)
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This relationship does not reduce to the second of (5.9) after substituing the special
case of (5.8) with constant cs. We do not understand the reason for this disagreement.
Perhaps the second of (5.9) applies under more restrictive assumptions than stated
explicitly in [1]. As noted in [1] it certainly applies to the particular case, described
in [2].
6 Conformal limit
Upto second order in derivative expansion the final entropy current (consistent with
the constraint of non-negative divergence) is given by the following expression
J˜µ|second order
=∇ν [A1(u
µ∇νT − uν∇µT )] +∇ν (A2Tω
µν)
+ A3
(
Rµν −
1
2
gµνR
)
uν +
(
A3
T
+
dA3
dT
)[
Θ∇µT − P ab(∇bu
µ)(∇aT )
]
+ (B1ω
2 +B2Θ
2 +B3σ
2)uµ +B4
[
(∇s)2uµ + 2sΘ∇µs
]
(6.1)
If the theory has conformal symmetry, then the entropy current also should
transform covariantly under a conformal transformation. The conformally covariant
entropy current is a special case of equation (6.1). In this case the only available
length scale is provided by the temperature and therefore the temperature depen-
dence of all the coefficients are fixed just by dimensional argument and also some of
the coefficients are related to the others in a way so that the terms that transform
in-homogeneously under conformal transformation cancel.
At second order in derivative expansion, there are three scalars and two vectors
[1, 5, 8] which transform covariantly under conformal transformation. In our basis
these are given by the following combinations
S1 = σabσ
ba, S2 = ωabω
ba
S3 =
P ab∇a∇bT
T
−
P ab(∇aT )(∇bT )
2T 2
−
R00
2
−
R
4
+
Θ2
6
Vµ1 = P
ν
a∇µσ
µa − 3aµσ
µν Vµ2 = P
ν
a∇µω
µa − aµω
µν
(6.2)
A conformally covariant entropy current should be expressible only in terms of
these three scalars and two vectors. So to begin with it can have five independent
coefficients. Then the constraint of positivity will reduce it to some special case of
(6.1).
Here we have used (6.1) to deduce the conformally covariant form of the entropy
current. First we have fixed the temperature dependence of the coefficients Ai and
Bi by dimensional analysis. Then we have tried to figure out the minimal set of
relations these coefficients have to satisfy such that all the terms transforming in-
homogeneously under conformal transformation cancel. This means that one should
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be able to choose the coefficients Ai and Bi in such a way so that the entropy current
is expressible in terms of these 3 conformal scalars and 2 conformal vectors. To do
this we first rearrange some of the terms appearing in equation (6.1) assuming that
the temperature dependence of the coefficients are fixed by dimensional analysis.
∇ν [A1(u
µ∇νT − uν∇µT )]
= A1
[
uµS3 −
1
2
(Vµ1 + V
µ
2 ) +
uµ
2
(
a
2 −Θ2 +R00 +
R
2
)
− ab
(
σbµ + ωbµ
)
+
Θ
3
a
µ −
1
2
ukRkaP
µa
] (6.3)
∇µ [A2ω
µν ] = A2 [V
ν
2 − S2u
ν ]
A3
(
Rµν −
1
2
gµνR
)
uν = A3
[
−uµ
(
R
2
+R00
)
+ P µaRabu
b
]
(6.4)
(
A3
T
+
dA3
dT
)[
Θ∇µT − P ab(∇bu
µ)(∇aT )
]
= 2A3
[
Θ2
3
uµ −
2Θ
3
a
µ + ab
(
σbµ + ωbµ
)] (6.5)
B4
[
(∇s)2uµ + 2sΘ∇µs
]
= T 6B4
[
Θ2uµ + 9
(
a
2uµ −
2Θ
3
a
µ
)]
(6.6)
From these expressions we can see how one should choose the coefficients Ai
and Bi such that all the pieces that transform inhomogeneously under conformal
transformation cancel. The coefficients for a conformally covariant entropy current
are given by the following expressions.
A1(T ) = a1, A2(T ) = a2, A3(T ) =
a1
2
T
B1(T ) = b1T, B2(T ) =
2a1
9
T, B3(T ) = b3T
B4(T ) = −
(a1
18
)
T−5
(6.7)
where all ai and bi are constants.
Therefore the conformally covariant entropy current has four independent coefficients
(a1, a2, b1 and b3) when expanded upto second order in derivatives. When written
in terms of these four coefficients the expressions for the conformal entropy current
is given as
J
µ
conformal
= a1TS3u
µ +
a1T
2
(Vµ1 + V
µ
2 ) + a2T [V
ν
2 − S2u
ν ] + b1TS2u
µ + b2TS1u
µ
= T [a1S3 + b2S1 + (b1 − a2)S2] u
µ + T
(
a2 +
a1
2
)
Vµ2 +
a1T
2
Vµ1
(6.8)
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This expression coincides with the expression presented in [8] and [1] with the fol-
lowing identification.
a1T = 4A
Rom
3
b2T =
ARom1
4
−
ARom3
2
+
BRom1
4
T (b1 − a2) = A
Rom
2 + 2A
Rom
3 − B
Rom
2
a1T
2
= BRom1
T
(
a2 +
a1
2
)
= BRom2
(6.9)
where ARomi and B
Rom
i are the coefficients in the conformal entropy current as defined
in [1].
Substituting the relations (6.7) in (5.4) one can see that in conformal case ζ2, ζ3,
ξ3, ξ4 and λ4 vanish and κ2 is related to κ1 as
κ2 = 2κ1
However once the stress tensor is conformally covariant, all these vanishing of
the coefficients and the relation between κ1 and κ2 are automatic (If these relations
were not true then the stress tensor would have some terms which will transform
in-homogeneously under conformal transformation). Therefore we can say that the
existence of an entropy with positive divergence does not constrain the uncharged
conformal fluid.
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8 Appendices
A Identities
Here we list the identities that we have used to calculate the divergence and then to
transform the answer to the required basis.
(u.∇)s+ sΘ =
ησ2 + ζΘ2
T
+ · · ·
P µν∇νT + Ta
µ =
P µa∇ν [ησ
νa + ζΘP νa]
s
+ · · ·
(A.1)
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where the RHS of the second equation can be further simplified.
P µa∇ν [ησ
νa + ζΘP νa]
s
=
1
s
[
−T
dη
dT
abσ
bµ +
(
ζ − T
dζ
dT
)
a
µΘ+ ηP µa∇bσ
ab + ζP µa∇aΘ
] (A.2)
(∇.a) =
(
σ2 + ω2 +
Θ2
3
)
+ (u.∇)Θ +R00 (A.3)
(u.∇)aν = aνΘ
[
2
s
T
dT
ds
−
4
3
− s
ds
dT
d2T
ds2
]
− abσνb
+
[
uνa
2 − abωνb +
s
T
dT
ds
P αν ∇αΘ
]
+ · · ·
(A.4)
Pνµ∇aω
aν = Pνµ∇aσ
aν −
2
3
Pνµ∇
νΘ− PµνuaR
aν
− ab (σbµ + ωbµ)
(A.5)
ωνµ(u.∇)ωµν = −2ωabσ
b
cω
ca − ω2
(
2Θ
3
+
u.∇T
T
)
+
1
Ts
[
1 +
T
s
ds
dT
]
aµω
µν (∇aΠ
a
ν) +
ωµν∇µ (∇aΠ
a
ν)
Ts
+
ω2
Ts
(
σµνΠ
µν +
Θ
3
Π
)
+ · · ·
(A.6)
a
µ
a
ν(∇µaν) = a
µ
a
ν
[
σaµσaν + ωµaω
a
ν +
2Θ
3
σµν
]
+ aµaν
[
(u.∇)σµν + Fµν +
Pµν
3
(u.∇)Θ
]
+
a
2Θ2
9
−
(
a
2
)2
(A.7)
ωµaω
aν(∇µaν) = ω
µ
aω
aν
[
σbµσbν + ωµbω
b
ν +
2Θ
3
σµν
]
+ ωµaω
aν
[
(u.∇)σµν + Fµν +
Pµν
3
(u.∇)Θ
]
+
ω2Θ2
9
− aµaνω
µ
aω
aν
(A.8)
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σµν(∇µaν) = σ
µν
[
σaµσaν + ωµ
aωaν + Fµν + (u.∇)σµν − aµaν
]
+
2Θ
3
σ2 (A.9)
2aαωµν∇νωµα = − ω
µν(a.∇)ωνµ + ω
2
a
2 − aµω
µνωναa
α (A.10)
The identity (A.10) is derived using the following steps.
ωµν∇ν [∇µuα −∇αuµ]
= ωµν∇ν
(
2ωµα − uµaα + uαaµ
)
= 2ωµν∇νωµα − ω
2
aα + ω
µν (aµ∇νuα + uα∇νaµ)
= ωµν
(
1
2
[∇ν ,∇µ] uα −∇α(∇νuµ)− [∇ν ,∇α]uµ
)
= ωµν
(
−∇αωνµ + aµω
µν∇αuν + u
ρ
[
1
2
Rραµν − Rρµαν
])
= ωµν
(
−∇αωνµ + aµω
µν∇αuν −
uρ
2
[Rρναµ +Rρµαν ]
)
= ωµν
(
−∇αωνµ + aµω
µν∇αuν
)
2Aµνλ∇νσλµ = A
µνλ
[
∇µωνλ +
1
2
Aµλν + Aλνµ
− ωνλaν − 2ωνµaλ −
2
3
(
uρR
ρbP νb
)
(aνΘ)
] (A.11)
where Aµνλ = uρR
ρabcP µa P
ν
b P
λ
c
The identity (A.11) can be derived using the similar tricks as in the identity
(A.10).
Aµνλ∇ν [∇λuµ +∇µuλ]
= Aµνλ∇ν
[
2σλµ +
2
3
PλµΘ− uλaµ − uµaλ
]
= Aµνλ
(
1
2
[∇ν ,∇λ] uµ + [∇ν ,∇µ]uλ +∇µ(∇νuλ)
)
= Aµνλ
[
1
2
Aµλν + Aλµν +∇µωνλ − aλ∇νuµ
]
(A.12)
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B Computation of the divergence
Here we shall calculate the divergence of the different terms appearing in the second
order entropy current. The final expression for the second order entropy current is
given in (6.1). Here we are quoting the equation again.
J˜µ|second order
=∇ν [A1(u
µ∇νT − uν∇µT )] +∇ν (A2Tω
µν)
+ A3
(
Rµν −
1
2
gµνR
)
uν +
(
A3
T
+
dA3
dT
)[
Θ∇µT − P ab(∇bu
µ)(∇aT )
]
+ (B1ω
2 +B2Θ
2 +B3σ
2)uµ +B4
[
(∇s)2uµ + 2sΘ∇µs
]
(B.1)
The first two terms (with coefficients A1 and A2 respectively) have zero divergence.
Below we shall calculate the divergence of the rest of the terms. As explained be-
fore, to determine the constraints of ‘positivity’ we need to calculate the divergence
upto fourth order in derivative expansion. However in the fourth order piece of the
divergence we need to retain only those terms which do not involve any factor of σµν
or Θ.
Divergence of the term with coefficient A3:
∇µ
[
A3
(
Rµν −
1
2
gµνR
)
uν
]
upto 3rd order
= (∇µA3)
(
Rµν −
1
2
gµνR
)
uν + A3
(
Rµν −
1
2
gµνR
)
(∇µuν)
= (∇µA3)R
µνuν −
R
2
(u.∇)A3 + A3
(
Rµν −
R
2
gµν
)(
σµν − uµaν + Pµν
Θ
3
)
= Θ
[
R00
(
s
dA3
ds
+
A3
3
)
+
R
2
(
s
dA3
ds
−
A3
3
)]
−
(
A3 + T
dA3
dT
)
(uµaνRµν) + A3Rµνσ
µν
(B.2)
∇µ
[
A3
(
Rµν −
1
2
gµνR
)
uν
]
relevant terms at 4th order
= uνP
a
µR
µν
(
1
s
dA3
dT
)[
η∇bσ
ab + ζ∇aΘ
]
Divergence of the term with coefficient
(
A3
T
+ dA3
dT
)
:
∇µ
[
Θ∇µB5 − P
ab(∇bu
µ)(∇aB5)
]
upto 3rd order
= s
dB5
ds
Θ
[
(u.∇)Θ + σ2 + ω2 +
Θ2
3
]
+ T
dB5
dT
[
aµuνR
µν + aµaνσ
µν +
a2Θ
3
]
− σµν∇µ∇νB5 +
2Θ
3
∇2B5 −
Θ
3
(u.∇)2B5
(B.3)
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where
dB5
dT
=
A3
T
+
dA3
dT
The three terms in the second line of equation (B.3) can be simplified further.
(u.∇)2B5 =
(
s2
d2B5
ds2
+ s
dB5
ds
)
Θ2 − s
dB5
ds
(u.∇)Θ + T
dB5
dT
a
2
∇2B5
= −Θ2
[
s2
d2B5
ds2
+
T
3
dB5
dT
]
+
[
s
dB5
ds
− T
dB5
dT
]
(u.∇)Θ
+
(
T
dB5
dT
+ T 2
d2B5
dT 2
)
a
2 − T
dB5
dT
(σ2 + ω2 +R00)
σµν∇µ∇νB5
=
(
2T
dB5
dT
+ T 2
d2B5
dT 2
)
(aµσ
µν
aν) +
(
s
dB5
ds
−
2T
3
dB5
dT
)
σ2Θ
− T
dB5
dT
σµν [F
µν + (u.∇)σµν + σµaσνa + ω
µaωνa ]
The relevant part of the fourth order piece in the divergence is given by the
following expression.
∇µ
[
Θ∇µB5 − P
ab(∇bu
µ)(∇aB5)
]
relevant part at 4th order
= −
dB5
dT
(aµω
µa + uνPµaR
µν)
(
ηP ab∇µσ
µb + ζP µa∇µΘ
s
)
(B.4)
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Divergence of the term with coefficient B1:
∇µ
[
B1ω
2uµ
]
upto 3rd order
= B1ω
2Θ+ [(u.∇)B1]ω
2 − 2B1
[
ωabσ
b
cω
ca + ω2
Θ
3
−
s
2T
dT
ds
ω2Θ
]
=
[
−s
dB1
ds
−
B1
3
+ 2B1
(
s
T
dT
ds
)]
ω2Θ− 4B1σ
a
µω
µνωνa
∇µ
[
B1ω
2uµ +
(
2B1
Ts
)
ωbµ (∇aΠ
a
b )
]
relevant part at 4th order
=
[
2
s
(
dB1
dT
)
a
µωµa +
(
2B1
Ts
)
∇µω
µa
](
ηP ab∇cσ
cb + ζP ca∇cΘ
s
)
=
[
2
s
(
dB1
dT
)
+
2B1
Ts
]
a
µωµa
(
ηP ab∇cσ
cb + ζP ca∇cΘ
s
)
−
2B1
Ts
[
Paν∇µσ
µν −
2
3
P µa∇µΘ+Rµνu
νP µa
](
ηP ab∇cσ
cb + ζP ca∇cΘ
s
)
(B.5)
Divergence of the terms with coefficients B2 and B3:
∇µ
[
B2Θ
2uµ
]
upto 3rd order
= Θ3
(
B2 − s
dB2
ds
)
+ 2B2Θ(u.∇)Θ
∇µ
[
B3σ
2uµ
]
upto 3rd order
= σ2Θ
(
B2 − s
dB2
ds
)
+ 2B3σµν(u.∇)σ
µν
(B.6)
Divergence of the term with coefficient B4:
∇µ
(
B4
[
(∇s)2uµ + 2sΘ∇µs
])
|upto 3rd order
= −
(
s
dB4
ds
+B4
)
s2Θ3 − 2B4T
2
(
ds
dT
)2
aµaνσ
µν + 2B4sΘ∇
2s
+ a2Θ
[
sT 2
(
ds
dT
)(
dB4
dT
)
+
T 2
3
(
ds
dT
)2
B4 + 2B4Ts
(
ds
dT
)] (B.7)
where ∇2s can be further simplified.
∇2s = −T
(
ds
dT
)
Θ2
3
+
(
s− T
ds
dT
)
(u.∇)Θ
+
[
T
ds
dT
+ T 2
d2s
dT 2
]
a
2 − T
ds
dT
[
σ2 + ω2 +R00
]
There is no relevant part in the fourth order corrections to the equations (B.6)
and (B.7) (i.e. all the terms appearing in the fourth order corrections to these
equations involve atleast one factor of Θ or σµν).
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